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1. INTRODUCTION

We consider properties of certain approximate solutions of Fredholm
integral equations of the first kind. Consider the equation

u(t) = L K(t,s)2(s)ds, teT, (1.1)

where S, T are closed, bounded intervals of the real line, K(z, s) is a given
kernel on T x S with appropriate properties, and u(¢) is known only for
ted = {t; ,ty,..., t,}, where t; <1, << -+ < t,,[t,t,] = T.

Letting u(¢;) = u;, we take as an approximate solution the function 2
which satisfies

u; = f K(t;,s)2(s)ds, i=1,2,.,n (1.2)
S
and minimizes a quadratic functional J(z) of the form
J@2) = | Rz |, , (1.3)

where R/% is a densely defined, unbounded linear operator on -%(S) to be
selected from a certain general class, and | - || , is the norm on Z(S).

To define R-1/2, let R(s,s") be a continuous, symmetric positive definite
kernel on S X S. Then, by the theorems of Mercer, Hilbert, and Schmidt
[8, pp. 242-246], the operator R, defined by

®A6) = | Rssw)fe) du,  fe £(S), (1.4)
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has an %(S)-complete orthonormal system of eigenfunctions {¢,};, and
corresponding eigenvalues {),}>, with A, > 0 and 3., A2 < co. R(s, s") has
the uniformly convergent Fourier expansion

RG5) = 3 Ab6) 45, (1.5)

y=1
Let (-, -) be the inner product in Z(S). For f e Z(S), we have

o]

f= va‘#: » .f;l = (f; ¢v)’ v=12,..,

y=1

Rf= Y A,

v=1

and we may define the symmetric square root R~*/2 of R~ by

R = Z B )1,2 ., (1.8)
for any f e %,(S) for which
© ro
Y j%”— < 00, (1.9
y=1 ¥

in which case,

L kv,

Ms

v=1 ¥

Let
< w gll (g’ ¢V) I

Hp = %g g € Z(S), Z &

v=1 ”

and let R, , for s fixed, be that function on S whose value at s is given by

R(s") = R(s, 5). (1.10)

The following facts about J#; may be verified by elementary methods,

with the aid of (1.5):
(i) 2% is a Hilbert space with inner product {-, > given by

frigdr= D, %g—”;
v=1 v
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(i) R;eHp,V¥sels;
(iii) <Ry, zD>p = 2(s),z€Hy,SES.
Note that, for z € #%,
| Rz g, = |l zllz, (1.11)

where || - || 1s the norm in 5% .

Properties (ii) and (iii) show that 5#% is a reproducing kernel Hilbert space,
(RKHS) with reproducing kernel R(s, s'). See, for example, Aronszajn [2],
Yosida [15], Parzen [6], and Kimeldorf and Wahba [5] for further discussion
of RKHS’s and their uses.

The linear functional which, for fixed s, €S maps z € #5 into z(s,) is
continuous in % , as a consequence of (iii) and the Riesz representation
theorem. Conversely, if o2 is any Hilbert space of functions for which the
linear functionals,

z— 2(84), (1.13)

are continuous for every s, €., it is known that there exists a unique sym-
metric positive definite kernel R(s, s) satisfying (ii) and (iii). To see this, note
that, by the Riesz representation theorem, there exists £..c 5 with the
property

oy 2> = 2(54) (1.14)
Then, let
R(S, S,) = <§s s §3'>- (115)

R(s, s") of (1.15) is not required to be a continuous function of s and s’ on
S x S. In this note, however, we always assume continuity. This assumption
entails that 5% C C°(S), where C°(S) is the continuous functions on S, by the
inequalities

| 2(s) — z(s + )| = Kz, Ry — Royor | < zllrl| Ry — Roicllr
= || z||g (R(s, ) — 2R(s, s + €) + R(s + €, s + €))'/2

As an example of an RKHS, let L,, be an mth order linear differential
operator with an m dimensional null space. Let G,(s, u) be the Green’s
function for the problem

L.f=g (1.16a)
fO0) =0, v=012.,m—1, (1.16b)

640/7/2-5
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and let R(s, s') be given by
1
R(s, s') = j Gon(s, 1) Gonls’, 1) d. (1.17)
0

Then,
H = {1 fP0)=0,v=0,1,..,m—1,
fm=1) absolutely continuous, L, f € %[0, 11}

and the inner product in 5% is given by

Sron = [ Laf YN Lng)) (118)

Examples of RKHS’s, where boundary conditions such as (1.16b) are not
imposed, may be found in [5], see also [6; 14] for further examples.
If A is a continuous linear functional on an RKHS with kernel R(s, s), then

AZ = <77’ Z>R ]
where 7 is given by
"7(3) = <7]a Rop = ARs .

Thus, knowledge of the reproducing kernel R(s,s’) for 5#; allows the
explicit construction of the representer of any continuous linear functional.
Returning to the discussion of (1.1), we suppose R has been selected, and
that K has the property that the family of linear functionals {1, , ¢t € T} defined
by
Az = f K(t, s) z(s) ds, teT, zedp
§

are all continuous in 5% , and linearly independent.
Then, (1.2) may be rewritten

U; = <7)t, H 'é>R H] = 1, 2;"-, n, (1'19)
where 7, € H#% is defined by
n(s) = f K(t,u) R(s, W) du  se€S, (1.20)
S

The previous assumption of linear independence is plausible, since other-
wise there would exist constants {¢;}I, , with

n

Z e, = 0,

i=1
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and then

<Z M, s > Z jK(t,,S)Z(S)dS—~O

for every z € 5 .

Let ¥V, be the (n-dimensional) subspace of #; spanned by {%,,z¢c 4},
and let Py, be the orthogonal projection in #% onto V,, . If z is an arbitrary
element in 5 satisfying (1.19), then £ = P, z satisfies (1.19) also and
minimizes the norm || z || among all such solutions. The element Py z, being
an element of ¥, , can be solved for explicitly from (1.19), and is given by

(PV”Z)(S) = (ntl(s)9 ntz(s)a-'-’ nt,,(s) Qzl(‘h > u2 3eeey un),a (12])
where Q,, is the n X n matrix with /, jth entry given by

<7)t,- ’ 7]t,>R = Q(tl s t:i)’ (1223)
Q@ﬂszK@@MWUMﬂﬂﬁﬁﬂ (1.22b)
sSYs

0, is nonsingular by the presumed linear independence of the {», , t € 4}.
Let A#°(K) be the null space of K in 5, (possibly the 0 element) and let
V = #™(K) (in 5#%). Then, by definition,

ozmeuma teT, ze€Me=zeN(K). (1.23)
S

Equation (1.23) may be written
0 =<, 2, teT, zeHyr > ze VL (1.24)

Thus, {»;, ¢ e T} span V.

If R(s,s") is continuous on § X S, then 5 is separable. Suppose that
0, t') = {n;, neog 1s continuous for (¢,¢")e T x T, then {»,, ¢ rational,
t € T}is dense in the set {; , # € T}. Let P, be the projection operator in #%
onto ¥, and let

4= mfx(’z'u -~ 1) (1.25)
It then follows that
ulallfn | Pyvz — Pyzllr = 0, (1.26)

for any fixed z e 5% . (Obviously we possess no information concerning
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z — Ppz e #(K).) It appears that no rate holding uniformly for z € 5#; can
be found for (1.26). In this note we investigate the convergence rates of
| Pvz — Py z|g and [(Pyz)(s) — (Py z)(s)| for Pyz in a certain dense subset
of #; .

To study |(Pyz)(s) — (Pynz)(s)], it will be convenient to use the fact that

I(Pyz)(s) — (PV,,Z)(S)I = KPyz — PV,,Z, PyR, — PV,,Rs>R|
< || Pyz — Pyz|rl PvR; — Py R,|r
< Pyz — Pyzlrll Ry — Py Rellr. (1.27)

The approximate solution (1.21) is not, in general, the most appealing
for computational work, since @, will become poorly conditioned as
(t:41 — 1) — 0if Q(¢, t') is smooth. We study properties of the approximation
(1.21), however, because of its close relationship to the approximate solution
given by the method of regularization (see Eq. 1.28), which has been discussed
and also investigated numerically by a number of authors. See Phillips [7],
Tihonov [11,12], Tihonov and Glasko [13], Ribiere [9], Strand and
Westwater [10], Wahba [14], and Hunt [3]. However, there seems to be a lack
of general theoretical results concerning the rate of convergence of these
approximate solutions.

The approximate solutions given by the methods discussed by the authors
above are (except for discretization) equivalent to finding z € 5#% to minimize

O

w; — ne s DR + Al z ks (1.28)

i=1

where A is a parameter to be chosen. The solution £ to this problem is given by

2(s) = (ﬂt1(5)9 ntg(s)"'w T7t,,(s))(Qn + M)_l (15 Uy 5oy un),- (129)

In [7; 11; 12], | z|% is defined by some special case of the example of (1.18),
with good numerical results presented for m = 2. There doesn’t seem to be
any obvious guideline for the choice of R, other than the observation that
one would like the 3% norm of the unknown solution to be small.

We will use the notations K, K*, and Q for the operators defined by

KNWO = [ K@) f(s)ds, 1€ T, [e %),
(K)s) = [ K, )f@)di,  seS, fe D),  (130)

@)W = [ Q) fwdr,  teT, feFD).
Note that Q = KRK*.
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The main Theorem of this paper follows.

THEOREM. Let z € #% have the property that

Pz e RKXNLL(T, (13D

or, equivalently,
u = Kz e KRK(Z(T)) — Q(Z(T)),

and suppose that Q(t, t') satisfies
(i) (&%orh) Q(t, ') exists and is continuous on T X T fort % ¢/, (1.32)

1=0,1,2,.,2m, (60t Q(t, t') exists and is continuous on T X T for
1=012,..,2m—2;
(i) lLimgy (820121 Q(t, t') and lim,, (82Yor»1) Oz, t') (1.33)
exist and are bounded for all t' € T.
Then,
| Pyz — Pyzlle = O 4[™). (1.34)

Using (1.20), it is seen that (1.31) is equivalent to
(Pr2)s) = [ me(s) p(t) ', (1.39)

for some p € Z(7). It will be shown later (Lemma 2 et. seq.) that, if O, ")
is continuous, then RK*(%(T)) C V and is dense in V in the 5#; norm.
An obvious and useful corollary follows.

COROLLARY. Let z€ 5 , i € RKXZ(T)), then
Kz, $>r — {Pv,z, ¥or| = Kz — Py,z, ¢ — Py x|
<lzllzll$p — Prlle = O04[™. (1.36)

As an example of the application of this Corollary, suppose it is desired
to approximate <z, $> for given i, knowing {u(#;)}i., . The approximation
may be taken as {Py z, >z , and the convergence rate of (1.36) for the
approximation to {z, ¥> , then obtains irrespective of conditions on z.

A useful special case is

<z, g = fs w(s) 2(s) ds, (1.37)
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for which

#(s) = f R(s,s") w(s') ds’ = (Rw)(s). (1.38)

If only w € K¥(%(T)), then ¢y € RK*(ZL(T)).

Section 2 is devoted to the proof of the theorem and associated lemmas.
In certain very special examples the rate of convergence of | R, — Py R;||g
in (1.27) may also be found. Section 3 is given over to an example. The result
there is equivalent to well known results in the convergence of derivatives of
spline function approximations. It appears, however, that further results
along this line depend rather delicately on detailed properties of X and R.

2. PROOF OF THE MAIN THEOREM

It will be convenient to define an auxiliary Hilbert space 5, . We let 5%,
be the reproducing kernel Hilbert space with reproducing kernel Q(z, t'),
t,t' € T defined by (1.22b), and inner product<:, >, . Let Q, be that element
of 5, whose value at ¢’ is given by

o4ty = 0@, 1), @21
and let 5#7_be the subspace of 57, spamned by the elements
{Qt iz -
Let Pr_be the projection operator in #, onto H#r, .
LEMMA 1. Given z € H#; let u be defined by
ut) =<ny,z)g, tel. .2)
Then u € #, and
| Pvz — Pyzllr = llu— Prullo.
Proof. Since

{Qt, Qo = QU t') = {4 D> t,t'eT 2.3)

and {Q,,te T} span J#,, there is an isometric isomorphism between 5,
and V generated by the correspondence “~”,

QieHpy ~neV, teT. 2.9
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Obviously,
‘#T,, ~ V’n s

under this isomorphism. Furthermore, since for z € 363 ,

e>2or = e Pyzdg = u(t) = Q¢  wo,

we have

Pyz ~u,
and

P V"Z ~ P T"u,
and, hence,

| Pyz — PVﬂZ!lR =fu -~ PT,,”HO-
This completes the proof of Lemma 1.

LemmA 2. Suppose z has a representation

2(s) = [ ne(s) plt") ',

175

2.5)

(2.6)

@.7

(2.8)

(2.9)

Jor some p e Z(T), where n{s) is defined by (1.20).2 Then ze V and z ~ u

under the correspondence “~ of (2.4), where

u) = Q") pla) '

(2.10)

Proof. It is sufficient to prove the result for p continuous, as follows.
Suppose {p,}; Is a sequence of continuous functions converging (in the

%, norm) to p € %, . Then, u,, given by
u() = [ 0Lt pir) ',
T
is in 3%, , and corresponds to z, , given by

2(s) = [ 2@ pl) dr'

Then, u, converges pointwise uniformly and, hence, strongly in £, to u.

Similarly z, converges strongly in V' to z and z ~ u.

1 That is, z = RK*p, pe Ly(T).
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Now, let p be continuous and let 11, = {1,;, to; oo £y}, { = 1,2,... be a
sequence of partitions of T, such that, for every ¢, the Riemann sums for /7,
for the integral

| ow ) pey ar @.11)

converge.
Then zy , I = 1, 2,... defined by

-1
za(s) = Y. 14,(8) pPt)(tis10 — tin)s [=1,2,. (2.12)
jm1

is a Cauchy sequence of elements in ¥, which converge pointwise to z(s) of
(2.9) and u@ , I = 1, 2,... defined by

-1
up(t) = {5 zoor = <7)t 2 N, PEDEi11,0 — tjz)>R [=1,2,.. (2.13)
o1

is a Cauchy sequence of elements in 5, which converge pointwise to u(¢)
given by (2.10). But by (2.5) 4y ~ z(;, so we must have u ~ z with » and z
defined by (2.9) and (2.10), thus, completeing the proof of Lemma 2.

Incidentally, Lemmas 1 and 2 may be used to show that RK*(Z(T)) is
dense in V (in the H#%-norm). To see this, note that it is only necessary to
show, that, for each 7, € T, and every ¢ > 0, there exists p* € Z(T) such that
x< = RK*ps satisfies

e, — xllr S e (2.14)
Now
x4(s) = (RK*p)(s) = [ nds) i) 2.15)
and so, by Lemmas 1 and 2,
e — x* e = | Qe — ¥llo, (2.16)
where
¥ = [ 04ty pe dr (2.17)
But

1Qe = »lfo = Qts, ) = 2 [ Oty #") pea') dt
+ [ [ w01 pey dar, @.18)
ryr
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and it is obvious that if O(¢, ¢") is continuous on T X T, then there exists a
p¢ € Z,(T) such that the right hand side of (2.18) is << €%
We now proceed to the prove the theorem.

Proof of theorem. By Lemmas 1 and 2 it is sufficient to prove
|u — Prullo = 0(l 4™, (2.19)
where

u(r) = [ 0ut") plt") '

‘We actually show that

4~ Prallo < 6m (Cilta — 1) + G [ pyar] " 141, (2208)

where

C, = (1 + 2m8, _1 &~ /
V= (1 + 2m );S;lg);| Gt 55 26 € )], (2.20b)

Go=20+ 28 sup | Lo F 0w 0 @0

0,, = [32m — Dpm1, (2.20d)

and it is understood that if (6*-1/9£*m-1) Q(£, £€') is undefined the maximum
of the left and right absolute derivative is taken.
If 4 is any element in 5, of the form

2=3 Qn [ clt)pt) d, 221)

then, since # e.?fT" , we have
lu— Prully <|u—alp. (2.22)

The proof proceeds by finding a set of functions {c(f)}{; so that || u — @[
with & defined by (2.21) is bounded by the right hand side of (2.20a).
Without loss of generality we assume that

maxy(t;q — t;)
e 3, 2.23
miny(t,, — 1) @23)

No generality is lost, because we may delete elements from 4 without
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reducing the right hand side of (2.22). From any set 4 with mesh norm || 4 ||
we can always choose a subset 4’ with property (2.23), and

14 <34 2249

by dividing the interval T into successive subintervals of length || 4| and
selecting exactly one ¢, from every other subinterval. We assume this has been
done and the set 4’, which we will relabel 4 == {¢, , ¢, ,..., ¢,,}, has mesh norm
bounded by 3]/ 4].

Now, since u satisfying (2.10) satisfies

wuwo= [ [ o) Q1) p)dear, (2:25)
G, @iy = u(t) = | 0u(0) p(1) b, (2.26)
it follows that
llu—alp
:LLﬂwng—gMQQJy—gqmgomwc@m

Without loss of generality suppose n = N(2m — 1) + 1 for some integer N.
To simplify the notation, let

tei = team—t)1i » k=0,1,2..,N—1, i=12,..,2m.
(Note that #; 5,, = tz44.1). Let I, be the interval
Iy = (1> terals k=0,1,2,..., N— 1.
For t € I, we will approximate Q, by that linear combination of
{Qt“ %1:1 )
which corresponds to Lagrange (polynomial) interpolation of degree 2m — 1.

More precisely, let

D) = ﬁ (t — tk,v)/ﬁ (tei — tr)s tel, (2.28)

y=1

v&L v#£i
= 0’ t ¢ Ik ’
k=01,2,.,N—1,
i=1,2,..,2m.
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Fortel,, t'el;, set

n

(0= 3 e, 00— 3 ct) 0,)

=1 j=1 7

= <Qt - ipk,i(’) Q40 Qv — fpz.j(tl) Qt,,,->o
= 0u) = Y. put) u, (0

2m 2m
= 2 P Qe — L puft) @ (1D} 229)

We want to use the Newton form of the remainder for Lagrange inter-
polation, [4, p. 248]. For any f(¢), t€ I,

ﬂw—immwm»=ﬁa—mwmm%wwmmm (2.30)

i=1

where f 4.1 5 ti,2 »-+es Tr.2m » 2] 18 the 2mth order divided difference.
Using (2.30) with f(¢) = Q,(t) — Z?':l Puit) Qt“_(t), the right hand side
(r.h.s.) of (2.29) is seen to be equal to

2m

r.hs. (2.29) = H (t — tx,) 3Qt'[tlc,1 s Yo sens Tiosom » 2]

i=1
2m

— 2 Pui(t) Qo [thas tiaseeos tram» El. (2.31)
=1

For any f, we know that if f has 2m continuous derivatives in I, then

. f(2m)(§)
f[tk.l ’ tk.2 [ AR ] tlc,Zm ’ t] - (2m)' ’ (232)

for some § €I, . If we only know that f2m-1(¢) is continuous except for a
finite number of finite jumps, then we may write the 2mth order divided
difference as a divided difference of two 2m — 1-st order divided differences,

1

T (feam — tea)

- f[tk,z s tk.a 3oy tk,2m ) t]}’ (233)

Flteas tezseeos triom 5 2] {flteas tos oeees tiome » 2]
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and know that the term in brackets in (2.33) is bounded in absolute value by

2 supyes, |[1/(2m — D] fEm-D(1)].
By (2.23) and (2.28),

120 < On,  Op = [3Qm — PP (234

Therefore, for te I, t' €I, k # I, we use (2.32) and have the following
bound on the right hand side of (2.31):

[r.hs. (2.29)] = | r.hs. (2.31)]

1

(tk 2m tic I)Zm (1 + 2m@m) S p (2"’1)' a{_'Zm Q(f g)

< (trom — o)™ Cy tel,, t'el,, k#1 (2.35)

where C; is given by (2.20b).
For t,t' € I, we use (2.33) and have the following bound:

| r.h.s. (2.29)] = | r.h.s. (2.31)]
< (tk.zm - tk,1)2m~1 2(1 + 2m@m)

1 aZm—l

X su
f-f’glk 2m — 1)! ogzm1 QG &)
S (teom — )" G, €L, (236)

where C, is given by (2.20c) and where it is understood that if
(e¥m-1jofm-1) Q(E, £') is undefined the maximum of the left and right
absolute derivative is taken. Thus, using (2.27), (2.29), (2.31), (2.35), and
(2.36),

N-1

lu—all <C % (trom — ™ [ [ 161 p(t") dt dt’
%, 1=0 Lrn
k7l
N-1
+Co & Cugn — ™ [ [ 16114 dt ', 237
k=1

Since

[ 1Pl de < tuam— s [[ 0] @38)
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(2.37) becomes
& 2 1/2 1/2 2 1/2
lu— 1% <G Y (ram — 5™ (o — 6" [ p(041]
ey "

<[] p0d]" + S o~ w0 | F0

k=0
N-1

< [Slllcp(tk.em — 4.1)™"] 3C1 kZO (teom — te,)M? U{ pA(t) dt]1/2

k

1/2 N-1
X tan — 10 [[ O]+ G0 3 [ g0
< SUP(tiam — o)™ X [Ciltn — 1) + Gl [ p¥0)

< @mpm B4 (ot —~ 1) + C) [ p20) d. (2.39)

3. BEHAVIOR OF || R, — Py R, |l

We consider only a special example here. It will appear from the discussion
that a general theorem is unavailable without further detailed assumptions
concerning K(%, s).

Let S =[0,1], T = [0, 1], and let

K(t,s)=g;~£ W, =u, u>0

(—1n! 3.

= 0 otherwise,

! some integer. Then, since K is the Green’s function for the operator L,
defined by

Lu = u,
with boundary conditions #®(0) = 0,»v =0, 1, 2,...,/ — 1, we have
z = y'b, 3.2)

as the solution of (1.1).
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Let
R(Gs, ') — 01 (iki”)f)—!l (s(;c__”l)il du. (3.3)

1t follows that
74(s) = Jol ((tm—_u)]’l‘)‘!l (fk___”)g; du, (3.4)

L —wi™ @ — i

Q6= GOl m =D

du, (3.5)

with k + I = m.
In this example, #; = {z: z9(0) =0, v =0, 1, 2,..., k — 1, z*1 abso-
lutely continuous, z® € L,[0, 11},

Groze= [ 206) 296 ds, (3.6)

0

and #, = {w:u(0) =0, v=0,1,2,...,m—1, u™ absolutely con-
tinuous, u'™ € L,[0, 1]}, with

TS j: £ u§(1) db. G.7)
If, in general we view the operator K, defined by
(K2)(t) = f _K(t, ) 2(s) ds (3.8)
as an operator from V to 5%, , it is 1:1 invertible and

u= Kz = KY(Pru) = Py_z. (3.9)

Returning to the example, the solution to the problem: Find # e 5, ,
satisfying?

u(t) = u;, i=1,2,..,n (3.10)
to minimize

lully = [ " mOP dr,

2 To avoid trivial difficulties, let 7, > O.
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is given by _
A1) = (Qu()serr O (1)) Q7 (tty , Uy yeney ). (3.11)

(u = Pr_u, where u e M, is any element satisfying (3.10).)

The solution to this problem is well known to be the (unique) polynomial
spline of interpolation to u(z), t € 4, of degree 2m — 1 and continuity class
C?*»=2 and satisfying the boundary conditions for elements of 5%, . Here,

Ku = u®, (3.12)
and it is easily verified that
(d'/ds')(Pr,u)(s) = (Py,2)(s). (3.13)

In this example, © having a representation of the form (2.10) implies that

u(2m) _

P (3.14)
u(0) = "1y =0, v=0,1,2,..,m— L.

Thus, Py, z is the /th derivative of a polynomial spline function of degree
2m — 1 interpolating to a function ¥ € C¥". Such approximants are well
known to have convergence rates << O()| 4 {#m-1-172), where k + I = m.
See [1].

By (1.27) and the theorem, | R, — Py Rsllp = O(|] 4 ||*-12) would insure
the above result, namely

Lz(s) — (Pyz)(s) < O(| 4 |m+E-172), (3.15)

A proof that || R, — Py Rllg = O(l| 4 |¥-172) for general K and R as in (3.3)
might begin by writing

” Rs - PV,,RS “2R

]2

<| &~ ¥ dts)m,
i=1

e

(3.16)

1 k-1 n e
. fo [((ST_“)I_;' — X ) fo K, 0) (—Z’k—_—“i;—, du]2 du,

where, for fixed s, the {d,(s)} are constants to be found.
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To continue a proof, assume K is such that K(¢; , v) = 0 for v > t,. Then,
for se [¢;, t;..] We have, for any m’,

i .h.s. (3.16)]

<f:i [%:—E%} fdm(s)f K(‘”“’“)Q_{)'"d”] .

v=0

P S o [ K OB ]

i v=0 1)'
(3.17)
If K(t, v) = [(t — )7/ — 1)!], then
©—uf™ =Wl
j Klts, ) < & =~ (3.18)

and the integrand in the first term on the right in (3.17) is the square of a
polynomial of degree m — 1 in u. Set m" = m — 1 and let g; ,(s) be the
polynomial of degree m — 1 with

1, =4
Gi(tise) = % v

o g WI=0L2.m—1 (19

Letting

§(dl/dsl) q:, ,,(S), vV = 0, 1, 2,..., m — 1’

dinfs) = otherwise,

(3.20)

the integrand in the first term on the right hand side of (3.17) is then identically
zero, and, assuming (2.23), it is not hard to prove that the second term on the
right hand side of (3.17) is bounded by D,(¢;,p_y — t)%1, where D,
is a constant. Thus, || R, — Py Rslig = O(|| 4 ||*-1/2), This approach to
a proof clearly breaks down in general, however, unless the polynomial
p) = (s — u)* 1, ue |0, t;] is in the linear span of the m’ + 1 functions of u
on [0, £;],

bty k-1
K(tips, v) L=

Tonr @ wel0ul v=012.,m. (2D
0 :
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